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The basic concepts of the theory of equilibrium cracks, i.e. cracks the
dimensions of which do not change at a given load, have been discussed

in [1]. In order to avoid numerous references and repetitions in the

present paper, we reproduce here briefly the fundamental initial assumptions
of [1]. The crack is subdivided into two regions: the inner region, in
which the distance between the opposite edges of the crack is considerable
and their interaction is negligibly small and the end region, in which

the opposite edges of the crack are closely adjacent to each other and
where cohesive forces of very considerable amount are acting. The entire
concept is based upon the following three hypotheses:

1. The longitudinal dimensions of the end region are small as compared
with those of the entire crack.

2. The distribution of the displacements of the surface points of the
end region of the crack does not depend on the acting loads aend is always
the same for the given material under given conditions. The cohesive
forces, which attract the opposite edges of the crack toward each other,
depend only on the distribution of the displacements in the end region;
therefore, the hypothesis just stated involves independence of these
forces from the loads.

3. The opposite edges of the crack are smoothly connected with each
other at its ends, or, what is the same, the stress is finite at the ends
of the crack. This hypothesis was originally advanced by Khristianovich
[2] in a study of the problems of formation and development of cracks in
rock strata. The only compressing factor in these problems is the rock
pressure, the pressure produced by the weight of the upper rock layers;
the cohesive forces were not discussed and not taken into account.

1009



1010 G.I. Barenblatt

The model suggested above was applied in [ 1] to the solution of the
problem of axisymmetrical equilibrium cracks. In the present paper, the
sameideas are being applied to the solution of the problem of rectilinear
equilibrium cracks in plane plates. We will find that in the case now to
be considered the dimensions of the crack are again determined by the
applied loads and by the new universal characteristic coefficient of the
material, the cohesion modulus K, introduced in [1]. The cohesive forces
are of essential influence only on the dimensions of the cracks and on
the distribution of the displacements of the opposite edges of the crack
in the vicinity of its ends.

1. Condition of smooth connection and of finite stresses

at the ends of a isolated slit [cut] in the infinite plane.
We have to start with the following problem. Consider a slit from point
x = a to point x = b along the z-axis in the infinite plane (Fig. 1).
Normal stresses — g{x) and opposite direction are applied to points of
opposite edges having the same coordinate x. let us determine the condi-
tions which must be fulfilled, if the stresses at the ends of the slit
are to be finite, or, what is the same, if the opposite edges of the de-
formed surface of the slit are to be smoothly connected with each other
at the ends of the slit.

We replace the coordinates x, y by the coordinates
o =z—(atb), Y=y

so that the slit is symmetrical with respect to the origin of the new
system of coordinates. For the solution of the problem under consideration
we use the method of Muskhelishvili [ 4]. We recall the fundamental rela-
tions of this method:

X.+Y,=4 Re{® )} 1.1) P v
Yy - Xet 20Xy =2 {200 @) + ¥ O M M
w2y == [y ==
where X;, Y&,,X’ are the components of the Fig., 1.

stress tensor, while the function
Y=d iy =0 ="hC+LY),  I=Y%®b—a (13

yields the mapping of the exterior of the slit on the exterior of the
unit circle on the parametric {-plane. The functions ®({) and ¥({)
are determined by the relations

= 2®) (Y
Q0 = ¥ O)= -5 (1.4)
with
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eO=—r | %, $O=— | et v @ )

The integrals are to be taken along the periphery of the unit circle,
vhile
x'(a)
f=7=— g@)dr (1.6)

t..'

where x,” is a certain fixed point and x”(0) is a variable point. Since
the function f is real, the formulas (1.3) to (1.5) show that the condi-
tion

o -, L
7O FY=0

is fulfilled along the entire x-axis, i.e. along the entire slit and its
continuation. Thus, by virtue of (1.2) we have along the slit itself and
along its contimuation

X, =Yy, Xy=0 1.7
Consequently

X.=Y, =2 Re{® () (1.8)

Thus we find that the necessary and sufficient condition for obtain-
ing finite stresses at the ends of the slit is fulfilled, if ®(+1) and
®(-1) are finite, since the points { = + 1 and { = — 1 correspond to the
ends of the slit.

The simplest way of determining ¢({) is as follows. If concentrated
splitting forces P of equal amount and opposite direction are applied to
the opposite edges of the slit at the point x” = x;” of the slit surface,
then by virtue of (1.5) we can obtain

P C——-ei)‘

() = 5 In \ = arc cos 22 (1.9)

£ e ]

Considering that, with x” = [ cos A along the slit itself, the force-
g{x")dx’ = g(l cos A) | sin AdX is acting on the element dx’ of the slit,
we find by summation of solutions (1.9) the following formula for the
function ¢({) in the case of the general problem under study

1 . g —et?
0
whence
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oty BN gsin?x dr

OO =g = w—n= V(C)—zxg-—-——-wm Fewn  (111)
To make the stresses at the_end x” = I of the Sllt finite, or, what 1is

the same, to make ®(1) finite, it is necessary that N(1) should vanish,

1. €.

b4
S g {lcosx)sin? A dA
1 —cos A

=0 (1.12)

1]

Passing to the variable x” = | cos A and to the variable x” = x +
1/2(b + a), we find

l§ gxsi_riz;:i = IS g}fr::*—j'zdz' = ig]/Hx Sg(rc) ]/x““dx

1] -1 —1

Therefore, condition (1.12) for obtaining finite stresses at the right-
hand end x = b of the slit assumes the fom

§ g (z) Vﬁdxzo (1.13)

Condition (1.13) for finite stresses can be obtained also immediately
with the aid of the known method developed by Sedov [ 5] in the theory of
thin wings.

In exactly the same way we derive the condition for obtaining finite
stresses at the left-hand end x = a of the slit in the form

|

It is not difficult to show that these conditions are not only necessary,
but also sufficient for obtaining finite stresses at the ends of the slit.
We are now going to show that condition (1.12) and, consequently, condi-
tion (1.13), ensure smooth connection of the opposite edges on the slit
at the end x = b. Indeed, in accordance with the formula of Kolosov-
Muskhelishvili [ 4}

(1.14)

— @) (1.15)

2u(u +v) =%

where u and v are the components of displacement in the x and y directions,
respectively, while g is the shear modulus, v Poisson’s ratio and k= 4~ 3v.
From (1.15), together with (1.3), (1.5), we obtain for {-values with an
absolute magnitude equal to unity (such {-values correspond to the contour
of the slit)
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Blutin) = @O—FQ  v= T mle@L  (1.16)

For x but slightly differing from b, i.e. for { determined by the re-
lation { = e*Y, where 8 is a small quantity, we find
4 e‘ik

I ¢ Sy e /
¢(§)==§;;§g(ZCOSA)suxkln(I-—~:ﬁf)dk-~

™ T
10 {g(lcosr)sin®Adr 208 ¢ g(lcos?)sin? Adx
2nix 1— cosA T 1 —cosA
0 0

+0(6)

In so far as the quantity ln [ (1~ e®)/(1~ ¢ ™)) is purely imagin-,
ary, we obtain
T

Ix (x4 1T g (lcosn)sin? AdA
v = 20 S s R Lo (1.17)

In the case of small @ we have x* = 1(1 - 1/2 62) by virtue of (1.3),
so that dx’/d0 = dx/d6 = -10, and we find in the vieinity of the right-
hand end of the slit

kid
de _dvdd  x+1 ¢ glleosh)sin®adir
dz — dbdz 4rpd X 1 —cosh +0() (1.18)
°

Thus, a smooth connection of the opposite edges at the right-hand end,
corresponding to 6 = 0, takes place only if condition (1.12), or, what is
the same, if condition {1.13) is fulfilled, and this is what we intended
to prove. In an exactly similar way we can prove that the condition of
smooth connection of the opposite edges of the slit at the left-hand end
x = a of the slit is identical with condition (1.14).

2. General investigation of a rectilinear equilibrium crack
in an infinite plane plate. Consider an infinite plane plate acted
upon by a tensile loading, symmetrical with respect to some straight line,
the axis of symmetry (Fig. 2). If we disregard the elements of accident,
then the plate must split along the axis of symmetry. Assume that a finite
loading is applied to the plate on each side of the axis of symmetry, then
the result of the process indicated is a rectilinear slit, which reaches
some definite dimensions, the coordinates of the crack ends being x = a
and x = b; the crack itself remains invariable, if the loading remains
constant.

The state of stress in a plate with a crack can be conveniently re-
presented as a sum of two states of stress, one of which corresponds to
the infinite plate, without a crack, under the given tensile loading,
while the other corresponds to a plate with a crack, over the surface of
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which shear stress resultants and cohesive forces are acting. In the re-
sulting state of stress the inner part of the crack is free of stress,
while cohesive forces are acting in the end region; therefore, the in-
tensity of the compressive stress resultants, responsible for the de-
struction of the plate, of the second state of stress equals in magnitude
and is opposite in direction to that of the tensile stresses of the first
state along the axis of symmetry. For the first state the displacements
of the points of the axis of symmetry are zero, therefore these displace-
ments are fully determined by the second state of stress. The latter
corresponds to the conditions stated in the preceding section, the dis-
tribution of the stresses g{x) being determined by

pE)—G (=) e<e<Ca+d)
g(x) =1y P& (a+d<x<\ib-d) (2.1)
11’(93)—0(3?) (b—d<<r )

where p(x) is the intensity of the normal tensile stresses at the axis of
symetry for the first state of stress, while G{x) is the intensity af
the cohesive forces and d is the width of the end region®,

In consequence of our hypothesis of smooth connection of opposite edges
of the crack at its ends {(third hypothesis of our system, or the hypothesis
of Khristianovich) the conditions

Sg(w V= S (0) )/ =2z = 0 (2.2)

must be fulfilled.

Take, for example, the first of conditions (2.2), the condition which
ensures appearance of finite stresses and smooth connection at the end
x = b of the crack and substitute into it expression (2.1} for the dis-
tribution of the stresses g(x). We find

. [ f I (2.3)
< %

il ig(m)Vx:de=§p(x)]/::gdx—
el a
I 1 I I — § G(x);/ij;dx—a§da(x);/g:;‘dx

Fig. 2. o—d

* The function p(x) can be calculated in an elementary way for a given
load; therefore it can be considered as given.
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Consider the second and the third integrals. According to the first
hypothesis d << b, so that we can assume

12.~ { G(x)

X G (x) dz l::b-—a
b Vi—z ' 4
-d
Passing to the variable s = b ~ x, measured from the end x = b of the
crack and replacing G{x) by F(s), we obtain

Vs

The integral of the right-hand member of (2.4) represents, by virtue
of the second hypothesis, the one concerning independence of distribution
of stresses and displacements in the end region, the universal character-
istic coefficient of the material, introduced in [ 1], namely the cohesion
modulus K.

d
I, =Vl Sﬂlﬁi& (2.4)
0

Thus we have

I,=V?2K (2.5)
Analogously we find that
ate CE
Iy=\ G odr VZ_XF(S)Vsds (2.6)
a 0
Since
d _ d g
SF(S}VSds:Sflﬁlsds<d§p(sz_dsxKd
0 g Vs ! Vs
we find

I3<v27’ r=0(7)
where 0(d/1l) denotes a quantity of the order of magnitude of d/l; on the

basis of the first hypothesis the integral I, can be disregarded compared
with the integral I,. Correspondingly, the first of relations (2.2) gives

|

Entirely analogously, the second of the relations (2.2) gives

_ RV T=KVi—a @:7)

Sp(x)]/ffdleg’}/ﬁ:}f]/b—-a (2.8)
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Fquations (2.7) and (2.R) determine the unknown coordinates of the
ends of the crack. In particular, if the applied load is symmetrical with
respect to x = 0, so that the crack is also symmetrical with respect to

x=0, i.e. b=~ a= 1, then conditions (2.7) and (2.8) become equivalent
and assume the form

! ; 1 d K

S p(x)]/lj;:dx: KVal, or 811;(;_:2:7'2: (2.9

-1

3. Examples. Distribution of displacements over the surface
of the crack. 1. Assume that the crack arises under the action of a
constant pressure p; applied along a slit of length 2. The relation
(2.9) then gives

1
L . _ ;
Po S l/l+zdx=2polarcsml—°=1{1/21, (3.1)
—lo
Hence
po Vi 14 T
K ﬁl/'i arcsin (lo/ 1) (3.2)

Figure 3 represents graphically the relation (3.2). The graph shows
that equation (3.2) has no solution, if

K V2 .
Po<7}—; = P

ki3
This means that no open cracks can arise at so small values of p,. Each
Py > py* corresponds to a uniquely determined size of the crack; of course,
the size of the crack increases with the increase of p.

2, Assume that the crack is produced by concentrated forces, This case
arises if in the preceding example p, tends toward infinity, while I, s
at the same time decreasing in such a way that the product 2p;l, remains
constant and equal to P, where P is the amount of the concentrated force.
In this case we have

oVl 4 4/T b5 P v g P
a2V 5 o Y3, F=V2U l=35 (33

It is not difficult to derive this result, with an accuracy to a con-
stant factor, from considerations of dimensional analysis, making use of
the so-called I-theorem [ 6].

3. Assume now that the crack is produced Ly two concentrated forces of
equal magnitude and opposite direction, whose points of application are
situated at a distance 2L from each other along the conmon line of action
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of these forces. We assume that for reasons of symmetry the crack will be
perpendicular to the straight line joining the points of application of
the forces and symmetrical with respect to it. Summation of the known
fundamental solutions of the theory of elasticity [ 7] gives (3.4)

Vi L ' 3

201 P L Yy Le
=ty 20 )

vhere x is the coordinate measured from the
intersection point of the crack with the line
of action of the forces along the crack. Sub-

e stituting this expression into (2.9), we
obtain
i
-‘/-l—-—x PL(i-—v)% dz .‘/z-x*,
S @V =®=—m" YoV 17"
%. 2
1 L3(1+v) l—x - 3/57
? / S (x3+L2)21/-l+x~I‘sz

Fig. 3.

Evaluating the integrals, we find

uft)
R I

It is convenient to transform this relation
to Y

y ?

——_P 2 = ‘I_: 1 3 Y j .

KVZm(ﬁ+ ) {2+(3+v}L2;z=’-]VL/z”u<l> b L7 7
(3.6)

Figure 4 gives a graphical representation of
the function (3.6) for the case v = 0.5. We see
that the two roots of equation (3.6), i.e. two values of the crack length
l, correspond to each value of P. It is, however, evident that, starting
from the minimum point of the curve, no physical meaning can be assigned
to values which correspond to the right-hand branch of that curve, because
the size of the crack increases and the force decreases, so that the

equilibrium states corresponding to this branch are unstable. Equation
(3.6) has no solution for

Lo cu= T

*-sl

KvL y
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This means that for any L there is a corresponding critical value of the
applied force, so that no equilibrium crack is possible at values of the
applied force which are smaller than the critical value.

The results thus obtained are qualitatively identical with the results
derived in [ 1] for the analogous cases of axisymmetrical equilibrium
cracks.

4. Tt has been shown above that the function &({), by means of which
the displacements are expressible, has the form (we confine ourselves to
the symmetrical case for reasons of simplicity)

l N el% gt N
¢() =5 g(lcos)\)sm/\ln(m))df\=[]~]2—13 (3.7)

O3]

¢ 0 __ i
1= —LSp(lcos A)sin A In (e—_:__—m) dh

LTl ee
0
Ay

! 0 it T

=2—§G(ZCOS)\ Slnkln(—e‘_—:—;_—ii)d)\ ()\0-:]/-7_)
1 ) 0 i
Iy =5 S G(lcosMsmHn(ﬁ)dl (3.8)

T—2X,

Consider a point at the surface of the crack at such a distance from
the ends of the latter which is large as compared with the width d of the
end region; thus 6 >> v/ d/l and # — 6 >> / d/l. For such 6 and A we have
in the intervals 0 < A < vV 2d/l, m = V2d/l <A < =

0 — et 01—y 1—in /(=1 _ 2”‘
ln(m)—ln(ei°~1+ix> I (1+1M( -—1))* 1 69

Substituting this for example, into the expression for Iz, we obtain

%o !
_ b G(lcosH)rxdx _ 1 T —zdr —
li=—= g ¥ —1 = V(e —1) S GE@Vi—zds
dF()
Zsd 3.10
ﬁl/l(ele § ;5w ( )

which shows that the absolute value of I, is of an order of magnitude not
higher than Kd/v/ l. The same holds true of the integral I,. The absolute
value of I, is by virtue of (2.9) of the order of magnitude of Kv/ 1.

we see that both | I, | and |IBI are small compared with [ I, [.I, determmes,
however, such dlsplacement,s of the surface of the crack, Whlch correspond
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to its size determined by (2.9), but derived without taking into account
the cohesive forces, while the quantities I, and I, determine the part of
the displacements which is produced by the cohesive forces.

So we see that for points sufficiently far away from the ends of the
crack the displacements produced by cohesive forces are, in analogy with
the axisymmetrical case, small compared with those produced by the basic
applied load. The displacements are essentially determined by the cohesive
forces only in the vicinity of the ends of the crack; the latter circum-
stance explains the smooth connection of the opposite edges of the crack
at the ends of the latter.

4. Problem of driving a wedge into a plate. 1. The problem of
driving a wedge into a plate is formulated in the following manner®
(Fig. 5). A rigid wedge of constant thickness 2h is driven into a plane
plate of brittle material, whose modulus of elasticity, Poisson’s ratio
and modulus of cohesion are E, v and K, respectively. The plate is assumed
to be infinite, in other words, the influence of the boundary line is
assumed to be negligible; in correspondence herewith the wedge is assumed
to be semi-infinite. A slit of length L is formed in front of the wedge.
It is required to determine the length L, as well as the stresses and de-
formations in the plate.

It follows from the preceding considerations that the size of the end
region of any crack is of the order of magnitude of K?/E?; assume that h
is large as compared with the size of the end region; then the length L
of the formed crack is large as compared with h, and the problem can be
linearized by transferring the boundary conditions from the surface of
the crack to the axis Oy (the origin of coordinates is placed, for reasons
of convenience, at the point of joining of the edges of the crack). A
similarly conceived statement of the problem is encountered in the study
of deflection of a smoothly lowered roof into a coal mine. The solution
of the latter problem was given in [ 3], where the cohesive forces of the
material are not taken into consideration. The cohesive forces are, how-
ever, of primary importance in the problem considered in the present paper,
since other compressing factors of the type of rock pressure do not occur
in our present problem. We shall see in the following that the necessity
of taking the cohesive forces into account introduces into our present
problem several particular features,

If the frictional forces on the surface of the wedge are disregarded,
then the boundary conditions along the cut 0 y < « have for the problem

The problem is visualized by the case of an axe driven into a log
without splitting it entirely.
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under consideration the form

&
s > 0<y<d, X, =0, Xe=0G(@) (4.1)
L — ' d<y<L, X, =0, X,=0 (4.2)
o L<y<oo, X,=0,
Fie. 3. w(@+0, yy=h u@@—0y=—h (43)

where d is the width of the end region, X, Y, Xy are the components of
the stress tensor, G{x) represents the distrigution of the cohesive forces
in the end region and u, v are the displacement components along the x-
and y-axes, respectively.

The problem with boundary conditions (4.1) to (4.3) is obviously a
mixed one. Introducing the compressive stress resultants, acting on the

faces of the wedge, and putting X, = ~ f(y), we replace the condition
(4.3) by a condition of the first kind
L<y<°°’ Xz,:(}, Xx:“’“f(y) (4-4)

and the problem with boundary conditions (4.1), (4.2), (4.4) becomes a
problem of the first kind., The function f(y) is, however, unknown before-
hand; to obtain this function we have to construct a singular integral
equation and to solve it.

2. We use the method of Muskhelishvili [ 4] for the solution of the
elastic problem with boundary conditions (4.1), (4.2), (4.4). Let us start
with the relations

Xe+Y,=4Re{® ()} (4.5)
Yr~Xf+mez2ﬂﬁ§®wg+qwn} (4.6)
(et iv) =) — =B FO—F@, x=3—4 (47
. o ©
in which
OO =g | o FO=30O.  F@)=X(o)o

4
W OOOE, O =0’ OFOL (4.8)

0

¢(C) =

[T Ta

where p is the shear modulus of the medium, while v is Poisson’s ratio;
the function

z =i =0() (4.9)
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effects the mapping of the physical plane z = z + 1y with a cut along the

positive imaginary semi-axis on the lower semi-plane of the parametric
variable £.

Using (4.6) and (4.8) we find
Yy — X, + 2%, = T8 g2 0 (4.10)

such that for real and purely imaginary {, corresponding to the crack and
its continuation, we again obtain relations (1.7) and (1.8). Furthemmore,
using relations (4.7) and (4.8), we have for real and purely imaginary ¢,
i.e. on the crack itself and its continuation,

uu4 )= +¢@ (4.11)
Thus, for the determination of the stresses and displacements at the
crack itself and its continuation, it is sufficient to know the function

(¢), and this means to know the function ® ({) as well, which is connected
with the function &({) in a very simple manner.

According to boundary conditions (4.1), (4.2), (4.4) and relation
(4.8) we have

o (€) = 21D (L) =
s T E ftede 1 T jeeds 1 Gleed
o [o 2R 7{+1 o oas g ous
= S o +7;S”——‘“c_z; —% \ e—p -+ (412)
—o Vi Vi

According to the third hypothesis, the hypothesis of Khristianovich,
the stress must be finite at the end of the crack, i.e. for { = 0. It
follows that ®(0) must be finite, so that ¢’{0) must equal zero. This,
together with (4.12), gives

VE 17 e
L g f(e®)ds + = S /(¥ do — = S G (%) ds =
—o0 VL -¥d
) o 5 vd
== S f(e®do — — S G(s%)de =0
VL °
It 1s, however, evident that
vd dG( ) d "
2 o 8 8____ e
§G(c)ds_~.§ Vi =5 K

where K is the cohesion modulus of the material. So we have the condition
for obtaining finite stresses at the end of the crack in the fomm
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S / (st do = %K (4.13)
YL
or finally in the fomm
o]
fwdy _ g 414
; 7 (4.14)

It can be shown that the same condition (4.11) is the condition for
smooth connection of the opposite edges of the crack at the end of the
latter.

3. Formula (4.11) gives

u="ERe(p (@) = L2 Re o (0 (4.15)

Integration of (4.12) yields

9 (%) =%;§ /(&)clnl:—i—glds_%Vga(&)oln e 416)

i

We shall now show that in the case under consideration the distribu-
tion of the displacements not in the immediate vicinity of the end of
the crack, i.e. at such points of the surface of the latter whose dis-
tance from the end of the crack is large compared with the size of the
end region, is again independent of the cohesive forces. If a point of
the crack surface is not in immediate vicinity of the end of the crack,
then y>> d, so that the value of { corresponding to this point is large
in magnitude compared with v/ d. Under these conditions

vd vd
{ Gy as =2 (6o oas < B kVE
0 0

o —

The value of the function ¢»({) not in the immediate vicinity of the
end of the crack is of the order of magnitude of Eh. It 1is, however,
evident that EhR>> Kv/d, since according-to the preceding discussion E/K
is of the order of magnitude of / d and h >> d. Consequently, the second
integral of the right-hand member of (4.16) (this is the integral which
determines the dependence between the displacements and the cohesive
forces at points not in the immediate vicinity of the end of the crack,
i.e. at points whose distances are of the order of magnitude of several
d’s from the end of the crack) is small and can be neglected. This
applies in particular to all points of contact between the rigid wedge
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and the wedged plate. For such points we have

u:[*_“_:"_)_

& f(s? )31n
VL

where the plus or minus sign is to be used depending on whether { is posi-
tive or negative, 1.e. whether { corresponds to the lower or upper edge

of the cut.

C.d: = 4k (4.17)

In complete analogy with [ 3], the following result can be derived: in
order to obtain a displacement of absolute value equal to h for y » o,
the asymptotic equation

_ ER , "
1) = gy + 0 47 (4.18)
must be fulfilled for y » .

Furthermore, differentiating (4.17) with respect to ¢ we obtain a
singular integral equation for f(y) of the form

v ' \
| /(a2)c{c—+_c o c—__E}ds = 0. (4.19)
Vi

which can be written also in the fom

S f(c?) ods -0

c—¢

(4.20)
!u|>V]:
The integral equation (4.20), taken together with condition (4.18),
is equivalent to the integral equation (4.17). Substituting

1 1 1
o==, Ct=%, pl)= ﬁ/(;i)
into (4.20), we obtain

A |
&pf(r_); 0 (A= T/—Z> (4.21)

Mikhlin has shown in connection with another problem [ 8] that the
solution of (4.21) is of the form

i A
p®=A[;—8] (4.22)
where A is an arbitrary constant; so we find

AV'L
_AarL 4.23
10) =y (4.23)

If y » =, then relation (4.23) leads to
1w =L oy (4.24)

Compare this asymptotic represenration with that given in (4.18); the
latter is the condition for the fulfilment 6f the requirement that the
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displacement have an absolute value equal to h at infinity. The comparison
leads to

AVL =4 (1_v2) (4.25)

The stress distribution {4.25) must also fulfil the condition that the
stress be finite at the end of the crack, see (4.14), whence

8

&/(y}dy AVL “___1d=K (426)

{ A D ——
\ vy Y= lgzvz—a

so that
a=% (4.27)

From (4.25) and .(4.27) we obtain the expression for the length L of
the slit
Ek?

L=ra—vwpr

(4.28)

Thus, knowing the function f(y), we can determine the functions ¢({)
and ® (&) from (4.12) and (4.16), after which we can obtain all compo-
nents of stress and displacement from relations (4.5) to (4.7).

We believe that formula (4.28) can be used as a basis for one of the
convenient ways of determining the cohesion modulus K. It 1is sufficient
to this end to drive into a plate of the material under examination a
wedge of constant width 2k and made of a material essentially harder than
that of the plate (e.g. a steel wedge can be used for determining the
cohesion modulus of plexiglass*). The wedge must be driven so far as to
make the distance L between the end of the wedge and the end of the crack
in front of the wedge constant, showing that the influence of the bound-
aries of the plate is inessential. This length L must be measured. Know-
ing Young’s modulus and Poisison’s ratio of the material under consider-
ation, we can determine its cohesion modulus K by means of formula (4.28).

A preliminary experiment of this kind was carried out for the case of
plexiglass by Maraev in the laboratory of Geiman**. A wedge made of a
plane steel spring of thickness 2h = 0.034 cm was driven into a plate of
plexiglass. A nearly rectilinear crack arose of length L = 2 cm. Assuming
that Young’s modulus for plexiglass equals to E = 25,000 kg/cm?, while

RN

* Trade mark for cast acrylic resin thermoplastic sheets and moulding
powder.

** The author wishes to express his gratitude to Geiman and Maraev.
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Poisson’s ratio is v = 0.25, we obtain for the cohesion modulus the value

_ Eh
T 2(1—wW VI

A cohesion modulus of approximately 100 kg/cma/2 was obtained for an-
other sample of plexiglass. The cohesion modulus K is of the order of
magnitude of E+/d, where d characterizes the size of the end region; it
follows that d is of the order of 1 p (107 *em), i.e. the size of the end
region is small as compared with the entire length of the crack, but
large in comparison with interatomic distances (10~ 8cm).

~160 kg/cm?

We again emphasize that the experiment just mentioned was one of pre-
liminary nature. A careful experimental verification of the concepts de-
veloped in [ 1], as well as in the present paper, would be very desirable.

5. Remark on possibilities of taking into account the co-
hesive forces and the influence of the boundaries of the solid
on the development of cracks. 1. It was shown above that the cohesive
forces are substantially influencing only the size of the crack and the
distribution of stresses and displacements in the immediate vicinity of
its ends. Thus, having determined the dimensions of the crack, 1t is
possible to treat the problem as a problem of the theory of elasticity
for a solid with cracks, disregarding the cohesive forces. With this pro-
cedure we will arrive at stresses and displacements, particularly at dis-
placements of points of the surface of the crack, which nearly equal,
everywhere except the vicinity of the ends of cracks, the corresponding
values obtained in calculations which take cohesive forces into account.

Consider for example an isolated rectilinear crack in an infinite
solid. If the cohesive forces are disregarded, then according to the
foregoing the stress components X and Y 1in the vicinity of the end
x = b approach infinity according to the law

b -
. _ 1 S x—a 1
Xx_Xy~—————nvmgp(z)V Pldpt ... L= (b—a) (5.4)

a

where the points indicate quantities of higher order of smallness. By
virtue of (2.8), expression (5.1) assumes the form

X, =Y, = s=z—b (5.2)

1
e
An analogous relation holds true in the vicinity of x = a. This result
is of very general significance in the following sense. The theory of
elasticity permits to determine the state of stress for any position of
the crack ends and for any given loading, if the cohesive forces are dis-
regarded; the stresses near the ends tend toward infinity according to
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the law A/\/s, where s is the distance from the end of crack and 4 is a
constant, in general varying for various ends, and depending on the posi-
tion of the latter. We can state as a general rule: the ends of a crack are
determined from the condition that the stresses in their vicinity, com-
puted without taking cohesive forces into consideration, tend to infinity
according to the law

K/=V's (5.3)

This rule permits in general to exclude from the consideration the
cohesive forces as such.

2. We illustrate the procedure of taking the cohesive forces into
account indicated above by means of a problem, which is also of interest
by itself, from the point of view of determining the influence of the
boundaries of a solid on the development of cracks.

Assume that a crack is produced in an infinite strip under the action
of forces P, of equal magnitude and opposite direction, applied to the
surface of the crack. The width of the strip is 2L, the forces are acting
along the center line of the strip (Fig. 6).

¥

P
Z{—~

\ [

fe—— 21—

Fig. 6.

This problem is solved by means of the method of successive approxima-
tions developed by Mikhlin [ 9] and Sherman [ 10]. It is convenient to take
as a first approximation the stress field in the strip -~ L < x< L,
~ < y < «)of the infinite solid represented by the exterior of the
periodic system of cracks situated along the x-axis, with centers at points
x =t 2nL (n = an integer). The loadings which produce the cracks are the
same as for the strip under consideration. Only the shear stresses vanish
along the lines x = ¢ L; the normal stresses do not vanish there. To com-
pute the second approximation, we have to consider the problem of a con-
tinuous strip under compression by boundary stresses; these stresses are
of magnitude equal to that of, and opposite in direction to, the normal
stresses obtained along the boundaries in the first approximation. In this
procedure some normal stresses will arise along the x-axis; for the elimin-
ation of these stresses and the derivation of the third approximation, it
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is again necessary to solve some periodical problem, and so forth. It has
been shown, however, by Irwin [ 11], that the normal stresses along the
boundaries of the strip x = + L are of comparatively small influence on
the propagation of cracks normal to the boundaries, therefore, we confine
ourselves to the first approximation.

Using the results obtained by Irwin [11], we can show that for the
stresses along the x-axis we obtain, disregarding cohesive forces, in the
first approximation

E)—sinz(iﬂ“’“, X, =0 (5.4)

Xe=Y, = —1——Psini[sin2(2L

3. sin (rz ] 2L) 2L

In the vicinity of the points x = ¢ (l + s), where s is a small quan-
tity, we obviously have

1 P ;
— —_— e 9.
Xa=1Yy VirLsin (vl L) Vs (5-)

Comparing (5.3) and (5.5) with each other we find

P _k Lgn™ -2 (5.6)
VirLsn(sl/L) ~© or - L 2K? '

In the case of I<<L we again obtain formula (3.4) for the length of
the crack in an infinite plate. The function (5.6) is represented graphic-
ally in Fig. 7 (curve II; curve I corresponds to the transformed formula
(3.3)). We see that in contrast to curve I, curve II has an unstable part

—_——

i
]
]
!
i
1
!
)

]

Fig. 7.

(shown by dotted line), along which the force necessary to keep the crack
in equilibrium condition is decreasing, while the length of the crack in-
creases. In other words, after the load has reached its maximum value

Poo =Y LKVL (5.7)

even the smallest load increase leads to a sudden widening of the crack
to an amount equal to the width of the strip and to a destruction of the
latter.
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We note that the situation becomes more complicated if the forces are
applied not at points of the surface of the crack, but at some distance
from each other along the center line of the strip. Namely, if the dis-
tance of the points of application of the forces from each other 1s
smaller than a certain critical value, then a crack is in general not
formed until the force has reached a certain magnitude. As soon as the
force reaches this magnitude, a crack of a certain finite size develops;
on further increasing the force, the crack gradually increases until a
certain possible maximum load is reached. Even the slightest increase of
the latter amount causes sudden destruction of the strip.

If the distance of the points of application of the forces is larger
than the critical distance, then no crack will develop in general, until
the force has reached a certain definite value. As soon as the force
reaches this limiting value, the strip is suddenly torn; no stable equi-
Iibrium cracks are possible in this case.
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